Abstract. An initially knotted light field will stay knotted if it satisfies a set of nonlinear, geometric constraints, i.e. the null conditions, for all space-time. However, the question of when an initially null light field stays null has remained challenging to answer. By establishing a mapping between Maxwell's equations and transport along the flow of a pressureless Euler fluid, we show that an initially analytic null light field stays null if and only if the flow of the initial Poynting field is shear-free, giving a design rule for the construction of persistently knotted light fields. Furthermore we outline methods for constructing initially knotted null light fields, and initially null, shear-free light fields, and give sufficient conditions for the magnetic (or electric) field lines of a null light field to lie tangent to surfaces. Our results pave the way for the design of persistently knotted light fields and the study of their field line structure.
Introduction
The concept that physical fields can have a geometry of their own, has a rich tradition that dates back to Faraday's concept of lines of force [1] . This concept was followed shortly thereafter with the idea that you could in principle tie knots in fields, as in Lord Kelvin's celebrated conjecture that atoms were vortices in the aether tied into knots [2] . Such knots, have now become an experimental reality in a wide variety of systems such as the vortex lines of a fluid [3] , the topological defect lines of liquid crystals [4] , lines of darkness in optical beams [5] , and spinor Bose-Einstein condensates [6] . Theoretical approaches have also moved beyond speculation and stable knotted structures have been shown to exist as solutions of nonlinear field theories such as Euler flows [7, 8] , the Skyrme-Faddeev model [9] [10] [11] , and the AFZ model [12] .
Within this plethora of systems, light fields offer a unique opportunity for studying knotted dynamical structures analytically. Unlike the systems mentioned above, Maxwell's equations are linear, offering the enticing possibility of finding exact expressions for evolving knotted fields as well as providing the potential means of transferring knottedness to other systems such as quantum fluids and plasmas. It is perhaps not obvious that such a linear field theory could contain persistent knotted structures, however an extensively studied example of a light field containing persistent links (the Hopfion solution) [13] [14] [15] [16] [17] [18] [19] showed that it is possible. This solution was recently further generalized to an infinite family of knotted light fields [20] .
In these solutions, the lines of the magnetic (electric) field are either linked to each other, knotted, or tangled in an organized way. As the light fields evolve in time, the closed loops formed by magnetic (electric) field lines deform smoothly like elastic filaments embedded in a flow, preserving the knotted structures they encode.
At the heart of the evolution of these persistently knotted light fields, is a set of geometric constraints known as the null conditions [21] :
(c=1 assumed from here on) (1) that are satisfied globally in space-time. Under these constraints, the electric and magnetic field lines of a globally null light field evolve like stretchable elastic filaments embedded in a shear-free flow [21, 22] .
Such globally null light fields further arise naturally in contexts ranging from radiating electromagnetic waves [23] , to the geometry of space-time [21, [24] [25] [26] . Their many interesting properties raise a natural and long standing [27, 28] question: are there initial conditions on a light field, which guarantee that it will remain null under time evolution?
Our main result (Eq. (10) ) is that an initially null electromagnetic field which is analytic everywhere and has a smooth associated flow, stays null forever if and only if the flow is initially shear-free.
The shear-free nature of the flow of null light fields had previously been studied only for globally null light fields [21, 29] where it was thought to be key to the persistence of knots [20, 22] . However, previous attempts at finding the initial conditions that guarantee nullness had either been inconclusive [27, 29] or reached the erroneous conclusion that an initially null light field stays null [28] .
We begin by clarifying the relation between the null condition and the flow of electromagnetic fields, correcting an error in [22] where the flow was assumed to be incompressible. We then extend the previous analysis to establish a mapping between Maxwell's equations and the Euler equations for a pressureless fluid. We use this mapping to show that an initially null, analytic electromagnetic field is globally null if and only if its flow is initially shear-free, answering a longstanding open question.
We go on to outline methods for constructing initially knotted null, shear-free light fields which would be guaranteed to stay knotted and null. Lastly, we give sufficient conditions for the electric and magnetic field lines of a globally null light field to be tangent to surfaces, i.e. for first integrals to exist, in terms of the Bateman potentials [20, 23, 30] which are known to exist for all globally null light fields. This allows one to reduce the problem of analyzing the topology of field lines to dimension 2, i.e. the level sets of the first integral.
Our results pave the way for the design of new persistently knotted null light fields, and give tools for studying their topology. Figure 1 . Transport of a knotted magnetic field line (orange) along the flow of the Poynting field (grey) in a null light field. The evolution of the magnetic field is such that each magnetic field line moves along the flow of the Poynting field. This is because the field lines of B/W are transported along V , as shown in the inset, and described by Eq. (4). The null light field depicted above is a trefoil knotted field from the knotted null light fields presented in [20] .
Flow of null light fields
A knotted magnetic (or electric) field line in a globally null light field stays knotted as it evolves, as shown in Fig. 1 . The knot deforms smoothly with time, with each point on the knotted field line moving in the direction of the Poynting field at that point.
This smooth deformation of magnetic field lines by a flow occurs if the magnetic flux through an arbitrary loop co-moving with the flow is preserved [22, 31] , i.e. the magnetic (electric) field evolves according to:
where V is the flow field. The null conditions (Eq. (1)) automatically enforce such [31] a flux-preserving evolution of the magnetic (electric) field along a flow given by the normalized Poynting field V = (E × B)/W , where
When the flow of the normalized Poynting field V is incompressible, that is if ∇ · V = 0, the flux-preserving evolution of the magnetic (electric) field implies the transport of the magnetic (electric) field lines along the flow of V [22] described by:
The flow of V is however not, incompressible in general. For compressible flows the lines of the magnetic (electric) field are nonetheless transported since the lines of the normalized magnetic (electric) field B/W (E/W respectively) are transported along the flow of V for any globally null light field, i.e.
as depicted in Fig. 1 . Here, we assume that the normalized Poynting field V is smooth everywhere, which is possible even when the energy density W vanishes as for the knotted null light fields in [20] . The transport of the magnetic (electric) field lines along the flow of V in Eq. (4) is reminiscent of the transport of vortex lines in an inviscid barotropic flow u, given by:
where the vorticity field ω is ω := ∇ × u, and ρ is the mass density of the fluid. In addition to transporting the electric and magnetic field lines along its flow, the normalized Poynting field V satisfies the Euler equation for a pressure-less flow:
thus making the analogy with fluid flow complete. The above nonlinear equation arises from a linear system of equations-Maxwell's equations-as a result of the nonlinear null conditions. Under the null conditions, the spatial part of the electromagnetic stressenergy tensor simplifies to that of a pressure-less fluid: T ij = W V i V j , and momentum conservation becomes the pressure-less Euler equation (See Appendix A for a more detailed derivation).
Furthermore, the vorticity field associated with the flow of the Poynting field Ω := ∇ × V, is also transported along the flow of the Poynting field:
The similarities between pressure-less Euler flow and the evolution of a null light field are summarized below in Table 1 , in which we use [
Null light field ↔ Pressure-less Euler flow denote the commutator of vector fields. In addition to energy and momentum, inviscid barotropic flows have an additional conserved quantity known as helicity [32] H = d 3 x u · ω-a measure of the average linking between the lines of the vorticity field ω. An analogous conservation law holds for the helicity density h Ω = V · Ω associated with the flow of the Poynting field V:
Energy conservation Mass conservation
The electric and magnetic helicity is also conserved for globally null light fields [22] .
Remarkably, the analogy we established between null light fields and the flow of an inviscid pressure-less fluid also holds for a local time slice, if the null conditions are satisfied on that time slice. This suggests a route to answer the longstanding open question: when does an electromagnetic field satisfying the null conditions on an initial time slice, satisfy the null conditions for all time?
3. When does an initially null light field stay null?
Since globally null light fields preserve the topology of the electric and magnetic field lines, the initial conditions that ensure nullness for all space-time also ensure the persistence of knots for all time. Even though null light fields have been studied extensively [21, 24-27, 29, 33] , these initial conditions have remained elusive. Previous attempts at finding the initial conditions that guarantee nullness for all space-time, have either been inconclusive [27, 29] or have reached the incorrect conclusion [33] that satisfying null conditions on the initial time slice is sufficient to guarantee nullness for all space-time. We use the analogy between the evolution of null light fields and fluid flow to find the necessary and sufficient initial conditions that ensure nullness for all space-time.
The intuitive ideas that underlie our proof, formalized in Appendix B, are as follows. We first show that there is a space-time region U of the form U = {(t, r) ∈ R 4 , 0 < t < ψ(r), ψ ∈ C ∞ (R 3 )} where the null condition holds. Nullness for all space time is then ensured by the propagation properties of Maxwell's equations. The evolution of an initially null light field at t = 0, is akin to the transport of a triplet of mutually perpendicular vectors {E, B, V} along the flow of V, as in Eqs. (4), (6) . Preserving the null conditions with time requires preserving the angles between and magnitudes of E , B along the flow of V. For the angle between the electric and magnetic fields {E, B} and their magnitudes to remain invariant under the flow of V, the flow of V must be shear-free, i.e. must be free of non-uniform stretching or twisting. An initially null light field preserves nullness when transported along the shear-free flow of its normalized Poynting field V. Furthermore, a shear-free flow stays shear-free when transported along itself in a flat space-time.
Hence, an initially null light field with an initially shear-free flow of the normalized Poynting field, satisfies the null conditions and preserves the shear-free nature of the flow at later times, establishing the null and shear-free conditions as sufficient initial conditions for a light field to be globally null. Furthermore, since the flow of the normalized Poynting field V of an initially null light field that satisfies the null conditions at later times, is necessarily shear-free [21] , the null and shear-free conditions are also necessary.
As a consequence, an initially null electromagnetic field which is analytic everywhere with a smooth normalized Poynting field V, stays null forever, if and only if the flow of V is initially shear-free, i.e.
We further note that a deep connection between conformal foliations and shear-free light rays [34] , allows the shear-free condition given above in Eq. (9) to be expressed in much simpler terms:
where F = E + iB is the Riemann-Silberstein vector, F · F = 0 encodes the null constraints, and F · ∇ × F = 0 encodes the shear-free condition (see Appendix C for details). The results presented above could be used in conjunction with methods for the construction of knotted vector fields [35] to design null electromagnetic fields with nontrivial topology.
Constructing initially null, shear-free light fields
In this section, we describe possible routes for the construction of initially null, shear-free light fields, which are then guaranteed to satisfy the null conditions for all time.
Initially knotted null light fields
A knotted divergence-free vector field can be constructed from a rational map ψ(r) based on Milnor polynomials [5] , as shown in [35] [36] [37] :
where
To construct an initially null electromagnetic field, a normalized Poynting field perpendicular to the above knotted magnetic field B can be constructed as follows:
so that V · V = 1. The above knotted magnetic field B, and the normalized Poynting field V, determine an electric field E := B × V which automatically satisfies the initial null conditions.
To define an initially knotted, null and shear-free light field, it is sufficient to solve for the functions f (χ, η), g(χ, η), h(χ, η) such that the electric field E is divergence-free, and the normalized Poynting field V is shear-free, i.e.
The existence of solutions f, g, h to the system of nonlinear PDEs given by Eq.s (13)- (15) is a very delicate issue. If there exist functions f (χ, η), g(χ, η), h(χ, η) such that the light field {E, B, V} is analytic, then such a light field will stay knotted, null and shear-free.
Initially null, shear-free light fields
Alternatively, an initially null, shear-free light field can be constructed from a pair of conjugate functions [38] f, g, which are real-valued functions of space such that |∇f | = |∇g| , ∇f · ∇g = 0. An initially null, shear-free electromagnetic field F = E + iB can be constructed as
, where p(x) is a complex-valued function of space chosen to make F divergence-free. Such an initial electromagnetic field automatically satisfies the null conditions F · F = 0 and the shear-free condition F · ∇ × F = 0. All known persistently knotted light fields [20] can be expressed in the above form
, and
where r 2 = x 2 + y 2 + z 2 , and m, n are positive integers. Following Nurowski [38] we can construct all possible pairs of analytic conjugate functions (f, g) as follows. We begin with an arbitrary holomorphic function F : C 2 → C, and find the complex-valued functions φ 1 (x, y, z) and φ 2 (x, y, z) that are solutions to the following algebraic system of equations:
Then the pair of conjugate functions (f, g) is given as the real and imaginary parts of the following quadrature
where C is an arbitrary constant. The system of equations (16) and (17) does not admit, in general, solutions (φ 1 , φ 2 ) that are smooth on the whole R 3 . To understand the structure of the field lines of the null electromagnetic fields constructed via the above methods, we use Bateman's framework [20, 23, 30 ] to study their geometry.
Geometry of null electromagnetic fields
Studying the structure of field lines in knotted light fields is challenging owing to the difficulty of explicitly solving for the field lines everywhere in space. The existence of first integrals i.e. global surfaces such that the field lines are tangent to these surfaces, has made it possible to study the field line structure of knotted light fields in terms of the surfaces they lie on [16, 20, 39] . We now give sufficient conditions for the existence of such first integrals for a null light field.
A method of representing null electromagnetic fields using complex scalar potentials was given by Bateman [23] . Hogan [30] , has shown that all null electromagnetic fields can be expressed in terms of Bateman potentials (α, β): complex scalar functions of space-time which satisfy:
The corresponding null electromagnetic field is given by:
The design of knotted null electromagnetic fields requires understanding the interplay between the topology of the lines of the electric and magnetic fields, and the complex scalar potentials (α, β). Unfortunately, describing the topology of the lines of a space-filling vector field is an intricate problem, made all the more challenging by the difficulty of analytically solving for the field lines everywhere in space. However, in the special case that the lines of a vector field are tangent to surfaces, i.e. the vector field has a first integral, the topology of the field lines is encoded in the topology of these surfaces. In the recently discovered family of knotted Maxwell fields [20] , the field lines were tangent to knotted tori, and establishing the persistence of these knotted tori helped establish persistent knottedness of the field lines.
We find that the field lines of a null electromagnetic field are tangent to surfaces if the surfaces of constant magnitude of the Bateman potentials α and β are parallel, i.e.
where α * , β * are complex conjugates of α, β. The above condition given by Eq. (20) holds for all known persistently knotted light fields [20] . Alternatively, if the surfaces of constant phase of α and β are parallel, i.e.
giving surfaces tangent to the electric and magnetic field lines everywhere. The topology of the field lines of null electromagnetic fields whose Bateman potentials (α, β) satisfy either Eq. (20) or Eq. (22) can be studied via the topology of the isosurfaces of Re{αβ} , Im{αβ}.
Summary
Our results firmly establish the connection between the evolution of null electromagnetic fields by Maxwell's equation and transport along flow of the Poynting field. We used this connection to show that an initially null light field stays null if and only if the flow of the normalized Poynting field is initially shear-free. Remarkably enough, a surprising connection with the theory of conformal foliations, allows us to express the shear-free condition at t=0 in a very simple way. This gives a design rule for constructing persistently knotted solutions to Maxwell's equations: satisfying the null conditions and the shear-free condition on a time slice is sufficient to guarantee the persistence of knots.
We presented ways of constructing initially null light fields that satisfy the shearfree condition. Lastly, we gave sufficient conditions for the lines of null electromagnetic fields to lie on surfaces, enabling the study of the field line structure in terms of surfaces.
We begin by considering a null electromagnetic field, i.e. an electromagnetic field satisfying E · B = 0 , E · E = B · B (in units where c = 1), and give proofs for the equations stated in Table 1 .
2 ) and V = (E × B) /W . The above follows from energy conservation for an electromagnetic field in vacuum, and holds for any electromagnetic field [40] .
The above equation follows from noting that the spatial part of the stress-energy tensor for a null light field simplifies to T ij = W V i V j , and momentum conservation. Momentum conservation for an electromagnetic field in vacuum gives [40] :
For null electromagnetic fields, the following special property holds (W δ ij −E i E j − B i B j ) = W V i V j . Substituting in Eq. (A.1), and using energy conservation, we get
as required. We note that the above statements and proofs do not assume that the null conditions are satisfied for all times, and hold true on a time slice if the null conditions are satisfied on a time-slice. We now show the conservation of electric helicity The evolution of H Y is given by:
The evolution of Y implies an evolution equation for Z:
Substituting for the evolution of Z in the evolution of H Y , we get:
Appendix B. Shear-free transport, Nullness and Maxwell's equations
The proof proceeds by showing that the null and shear-free conditions on the initial time slice are transported along the Poynting field. Using nullness, we then show that the divergence-free property is also transported. Finally using these, we show that E, B satisfy Maxwell's equations in free space. By the uniqueness theorems, evolution of the initial electromagnetic field by Maxwell's equations with the given initial conditions should also give null solutions. Thus the shear-free condition is the required initial condition for an initial null electromagnetic field to stay null. Detailed proofs leading up to Eq. (9) are given below.
Lemma 1 Consider the initial-value problem:
There exists a unique C ∞ solution V(r, t) in a space-time region U, defined as
Eq. (B.1) is simply the geodesic transport of the initial vector field ∂ t + V 0 . Consider points (0, x 1 ) lying in the neighborhood N 0 of a point (0, x 0 ) in the hyperplane {t = 0}. The geodesics in R 4 with initial point (0, x 1 ) ∈ N 0 in the direction (1, V 0 (x 1 )) are straight lines (S):
The solutions to Eq. (B.1) for (0, x 1 ) ∈ N 0 are smooth in time t ∈ (0, T ) provided that the straight lines (S) do not intersect for any x 1 ∈ N 0 and λ ∈ (0, T ).
To estimate the time of existence, we consider the intersection of two straight lines with initial points (0, x 1 ) ∈ N 0 and (0, x 2 ) ∈ N 0 , i.e.
It follows that if V 0 (x) is locally Lipschitz continuous at x 0 , there exists a constant C N 0 , which depends on the neighborhood N 0 of x 0 , s.t.
Hence, on the neighborhood N 0 , there exists a unique C ∞ solution to eq.(B.1) for time t ∈ (0,
). Considering a locally finite covering of R 3 by open sets N i , centred at points x i , we get local time existence for t ∈ (0,
is locally Lipschitz continuous at each point of R 3 . One can then easily define a space-time region U := {(t, x) ∈ R 4 : 0 < t < ψ(x)} such that ψ ∈ C ∞ (R 3 ), and there exists a C ∞ , and unique, solution to Eq. B.1 in the set U, as we wanted to prove. Notice that the constants C N i do not need to be uniform in i, and hence the region U may be narrower and narrower.
Theorem 2 LetẼ(r, t),B(r, t), V(r, t) be smooth solutions in R 3 × R + to the initialvalue problem :
3)
with the following initial conditions:
Then the fields E := ρẼ , B := ρB, ρ := 
(B.2),(B.3) with the initial conditions given by Eqs. (B.4),(B.5) and Eqs. (B.6),(B.7),(B.8). Notice that Eq. (B.8) is simply the shear-free condition at t = 0 written in Eq. (9).
To prove the first part of the theorem, we need to prove that if the initial normalized Poynting field V 0 is shear-free, i.e. it satisfies Eq. (B. 
3) is akin to defining the tetrad (k µ , n µ ,m µ , m µ ) for all spacetime by parallel transport of k, n and Lie transport of m:
with the initial conditions:
0 , m 0 µ ) and defining the fields (E/ρ, B/ρ, V) by this tetrad as:
We now show that the fields E, B are null solutions to Maxwell's equations, related to V and ρ by: V = E × B/ρ, and ρ = 1 2
, if the initial conditions given by Eqs. (B.6),(B.7),(B.8) are satisfied.
The sequence of steps followed in the proof is as follows. We begin by showing that the null and shear-free conditions on the initial time slice, i.e. Eqs. (B.7)(B.8), are transported along k µ . Using nullness, we then show that the divergence-free condition in Eq. (B.6) is also transported by k µ . Finally using these, we show that E, B satisfy Maxwell's equations in free space.
We will use the following notation:
In this notation, Eq. (B.11) can be rewritten as:
The commutation relation of the vector fields k µ , m µ above can also be expressed as:
Note that Eq. (B.15) for the evolution of k µ , n µ along with the initial condition Eq. (B.9) implies that k µ , n µ can be written as in Eq. (B.12):
(1, −V). Also, the tetrad when transported along k µ , remains a tetrad, i.e.
as a consequence of Eq. (B.11). From the null initial conditions it follows that:
In conjunction with Eq. (B.12), k ·k = 0 ⇒ V·V = 1. Also k ·m = 0 ⇒ V ∝ E×B. This along with the initial condition Eq. (B.9), and V · V = 1 implies:
We define ρ by the equation:m µ m µ = −1/ρ consistent with ρ = 1 2
. To see how nullness changes along the rays k µ , we compute
When the tetrad (k, n,m, m) is null,σ = σ/ρ where |σ| is the shear of the congruence k µ . The shear-free initial condition impliesσ t=0 = 0 . To see howσ changes along the rays k µ ,
Calculating the second derivative, 
Since m 0 µ m 0µ = 0, (k 0 , n 0 ,m 0 , m 0 ) form a null tetrad and δ ν µ t=0
can be rewritten as:
The above equation can be verified by contracting with each of the basis vectors (k 0 , n 0 ,m 0 , m 0 ). Substituting (B.24) in the (B.23) above, we get,
The above result along with the initial conditions: (m µ m µ ) t=0 = 0, andσ t=0 = 0, implies that the null and shear-free conditions are transported along k µ , and hold true for all space-time:
Thus, the geodetic null congruence k µ given by the normalized Poynting field V is shear-free and the fields E, B defined by Eqs. (B.13),(B.12) are null. Thus |E × B| = ρ and Eq. (B.19) can be rewritten as:
Since m µ m µ = 0, (k, n,m, m) form a null tetrad and δ ν µ can be rewritten as:
We now show that these fields satisfy Maxwell's equations in free space. Calculating the evolution of 1/ρ along the null GSF k µ ,
Substituting for k µ from Eq. (B.12), we get the energy conservation equation:
Rewriting Eq. (B.13) in terms of the Riemann-Silberstein vector F = E + iB,
Using Eq. (B.30) along with Eq. (B.31),
Taking the divergence of Eq. (B.32), Using Lemma 1 and Theorem 2 we can finally prove Eq. (9), i.e. that null initial conditions are null forever if and only if the shear-free condition is satisfied at t = 0. This result is presented in the following corollary: In Theorem 2, we proved that if the electromagnetic field E, B is null, then the initial fields E 0 , B 0 satisfy the conditions given by Eqs. (B.6),(B.7),(B.8).
Accordingly, to prove the corollary, we prove that the solution E, B to Maxwell's equations with initial conditions E t=0 = E 0 , B t=0 = B 0 where E 0 , B 0 satisfy the conditions given by Eqs. (B.6),(B.7),(B.8), is a null electromagnetic field.
) and consider the initial value problem:
Since V 0 is C ∞ , it is locally Lipschitz continuous. By Lemma (1), there exists a solution to this initial-value problem, which is C ∞ , in the space-time region U := (t, r) ∈ R 4 :
Observe that, since V 2 t=0 = V 2 0 = 1, we have that V 2 (x, t) = 1 in U, so that V(x, t) defines a local flow φ t in U. Accordingly there exist C ∞ solutions to the transport equations:
and φ t is the non-autonomous flow of V(x, t) with φ 0 (x) = x.
Therefore, we have C ∞ solutions in U to the initial value problem:
such that conditions in Eqns (B.6),(B.7) and (B.8) of Theorem 2 hold.
Applying the theorem, we conclude that defining ρ = 1 1 2 (Ẽ 2 +B 2 ) and E = ρẼ , B = ρB, the fields E(x, t), B(x, t) solve Maxwell's equations in U, and satisfy the null conditions in U.
By the existence properties of Maxwell's equations, E(t, x) and B(t, x) can be globally propagated, so that they provide C ∞ global solutions to the initial-value problem:
Since E 0 , B 0 are real-analytic, the solution to Maxwell's equations (which is unique), is real-analytic both in space and time. Therefore since E · B , E · E − B · B vanish in U, they vanish everywhere, as we wanted to prove.
Appendix C. The shear-free condition and conformal foliations
In this Appendix we prove Eq. (10), i.e. that an initial electromagnetic field F 0 = E 0 +iB 0 gives rise to a global null solution of Maxwell's equations if and only if F 0 ·F 0 = 0 and F 0 · ∇ × F 0 = 0. Indeed, the shear-free condition for the initial Poynting field V 0 , cf. Eq. (9), can be written, after symmetrizing, as:
Let us now show that this is equivalent to V 0 defining a conformal foliation. As shown in [34] , the field V 0 defines a conformal foliation if and only if the following conditions are satisfied: i.e. F 0 · ∇ × F 0 = 0. We have then proved that the LHS in Eqs. (9) and (10) are equivalent, so the RHS of these equations are equivalent as well, as we wanted to prove.
Appendix D. First integrals of null electromagnetic fields
In this appendix we give a proof of the sufficient conditions, i.e. Eqs. (21), (23) , for the existence of first integrals for null electromagnetic fields expressed in terms of the Bateman complex potentials {α, β}. Let us denote the magnitude and phase of α by r α , θ α and that of β by r β , θ β so that α = r α exp (iθ α ) , β = r β exp (iθ β ). Then, ∇α = α i∇θ α + 1 r α ∇r α ∇β = β i∇θ β + 1 r β ∇r β
